CLUSTER MONOMIALS ARE DUAL CANONICAL

PETER J MCNAMARA

ABSTRACT. Kang, Kashiwara, Kim and Oh have proved that cluster monomials lie in the
dual canonical basis, under a symmetric type assumption. This involves constructing a
monoidal categorification of a quantum cluster algebra using representations of KLR alge-
bras. We use a folding technique to generalise their results to all Lie types.
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1. INTRODUCTION

Let G be a Kac-Moody group, w an element of its Weyl group. Then associated to w and G
there is a unipotent subgroup N (w), whose Lie algebra is spanned by the positive roots a such
that wa is negative. Arguably the most important case is when G is finite dimensional and w
is the longest element in the Weyl group, when N (w) is maximal unipotent. The coordinate
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ring C[N (w)] has a natural structure of a cluster algebra [GLS1]. This story generalises to the
quantum setting |[GLS2, [GY1], where the quantised coordinate ring A,(n(w)) has a quantum
cluster algebra structure. In this paper, we work with the quantum version. However, for
this introduction, we shall continue with the classical story.

Kashiwara [Ka] and Lusztig [Lull [Lu2] defined a remarkable basis of the enveloping algebra
U(n), called the lower global base or the canonical basis. It’s dual, the dual canonical basis,
is a basis of C[N] and is of concern to us. This dual canonical basis further induces a basis
of the cluster algebra C[N (w)].

It was a long-standing conjecture that the cluster monomials in the cluster algebra structure
on C[N(w)] lie in the dual canonical basis. This was recently proved whenever G is sym-
metric by Kang, Kashiwara, Kim and Oh [KKKO2|. Their proof used the categorification
of Ay(n(w)) by categories of modules over Khovanov-Lauda-Rouquier algebras (henceforth
called KLR algebras). They find a monoidal categorification of the cluster algebra structure
inside these categories of KLR modules.

In this paper we follow in the footsteps of Lusztig’s approach to the canonical basis in non-
symmetric types using the technique of folding by an automorphism of the Dynkin diagram.
The corresponding theory of folding KLR algebras was recently developed in [Mc2]. Inside
these folded categories, we are able to fold the monoidal categorification of [KKKO2] to deduce
the fact that the cluster monomials lie in the dual canonical basis, and more generally, that
they lie in the dual p-canonical basis for all primes p. The p-canonical basis is the analogue
of the canonical basis defined using KLR algebras in characteristic p.

Our main theorem that we prove in this paper is the following;:

Theorem 1.1. The algebra A,(n(w)) has the structure of a (explicitly defined, independent
of p) quantum cluster algebra in which every cluster monomial lies in the dual p-canonical
basis.

Our main contribution is the categorification of the cluster algebra structure via folding,
together with its implication about the cluster monomials belonging to the dual p-canonical
basis. The fact that A,(n(w)) has the structure of a quantum cluster algebra was established
in this generality by Goodearl and Yakimov |[GYT, [(GY2].

While this paper was being written, Qin [Qi] gave an independent proof of Theorem 1.1
for the dual canonical basis by different methods. That theorem is proved here as the special
case p = 0.

We now briefly discuss the contents of this paper. We begin with an overview of the theory
of generalised minors and bases of canonical type (which are closely related to perfect bases).

We then summarise the necessary background results about folded KLR algebras. These
results are all proved in [Mc2].

Finally we discuss the work of Kang, Kashiwara, Kim and Oh, and show how to incorporate
the diagram automorphism into their story. This is where we prove the main results of the
paper. These results comprise the categorification of the cluster algebra structure on C[N (w)]
in terms of folded KLR algebras, and have Theorem [18.2] as their most straightforward and
classical corollary.

The results of this paper prove that certain modular decomposition numbers for KLR
algebras are trivial. In particular, they prove that the reduction modulo p of any irreducible
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module which corresponds to a cluster monomial remains irreducible. Such results also have
some geometric consequences, implying the non-existence of torsion in the stalks and costalks
of the intersection cohomology of certain (Lusztig) quiver varieties. For example, by [Wi2|
Theorem 3.7], there is no such torsion in A4, as in this case A4(n) is a finite type cluster
algebra.

We thank B. Leclerc for useful discussions about the theory of cluster algebras.

2. THE QUANTUM GROUP

Let g be a symmetrisable Kac-Moody Lie algebra and I be a set indexing the simple roots.
To each i € I is an associated integer d; which is the entry of the symmetrising matrix.

We work over the ring Z[q, ¢!] or its fraction field Q(g). For each i € I, let ¢; = ¢%.
The quantum integer [n]; is (¢ —q; ™)/(q; —q; *). The quantum factorial [n];! is the product
[n]iln — 1]; - [1];.

Let U,(g) be the corresponding quantised enveloping algebra. Write Uy(n) for the upper-
triangular part and let A, (n) be its graded dual. Let {6;};c; denote the usual generating set
of Uy(n) as an algebra, and use ¢ to denote the dual generating set of A,(n). We work with

the Z[q, ¢~ !]-form of U, (n) generated as an algebra by the divided powers 91(”) = 67"/[n];! and
the corresponding Z[q, ¢~!]-form of A,(n) which is its graded integral dual. When writing
Uqy(n) or Ay(n), we will always refer to this integral form.

The bar involution on Uj,(n) is the automorphism fixing the Chevalley generators and send-
ing ¢ to ¢~!. This involution induces a bar involution on the dual A,(n). For homogeneous
elements a and b of degrees o and § in A4(n), we have the formula [Lel, Proposition 1]

@b = ¢*PFa. (2.1)

Let P be the weight lattice and let P* denote the set of dominant weights. If i € I,
let w; be the corresponding fundamental weight. For each A\ € PT, we denote by V() the
irreducible highest weight U,(g)-module with highest weight X\. There is a partial order on
P where A > p if A — p is a sum of positive roots.

The algebra A, (n) is graded by P*, we write A, (n), for the N’th graded piece. The graded
components of the coproduct on A,(n) are denoted

TVI,---7V7L :‘Aq(n)V1+"'+Vn —>~Aq(n)V1 Q- ® ‘Aq(n v

n*

)

Write E; (the image of #; under the inclusion of Uy(n) in Uy(g)) and F; for the usual
generators of Uy(g). Let ¢ be the involutive antiautomorphism of U,(g) sending E; to Fj.
Again, we write Fi(c) == F¢/[c];! for the divided power.

Let (-,-) denote the g-Shapovalov form on V(\). This is a nondegenerate bilinear form
such that

(v, w) = (v, p(x)w)
for all z € Uy(g) and v, w € V(X). We normalise the g-Shapovalov form so that (vy,vy) =1,
where vy is a chosen highest weight vector.

We now define a weight vector v, for all extremal weights p in V/(X). Such an extremal
weight p is of the form wA for some w in the Weyl group W. Let w = s;, - - - 5;,, be a reduced
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decomposition of w. Then we define

Uy = F(cl) e -F-(C")'U)\

i1 in
where the integers ¢y, are defined by ¢ = (o, 84y, - - 5i, A). The element v, does not depend
on the choice of w or the choice of reduced decomposition.
The g-Shapovalov form satisfies (v,,v,) = 1 for all extremal weight vectors v,. This is
proved by a rank one computation.
The coproduct is denoted 7y, ., : Ag(n) — Ag(n) @ - - - Ag(n).

3. BASES OF CANONICAL TYPE

We need the notion of a basis of dual canonical type. This is a strengthening of the notion
of a perfect basis of A4(n).

For i € I and p € N, define j»7 and 7 to be the linear operators on A,(n) which are the
adjoints of left and right multiplication by ng ) respectively.

Let o be the antiautomorphism which fixes the Chevalley generators. The bar involution

is the automorphism fixing the Chevalley generators and sending ¢ to ¢~ !.

Definition 3.1. A basis B of Uy(n) is said to be of canonical type if it satisfies the condi-

tions 7(@ below:
(1) The elements of B are weight vectors.

(2) 1€ B.

(3) Each right ideal (07Ug4(n) ® Q(q)) N Uq(n) is spanned by a subset of B.

(4) In the bases induced by B, the left multiplication by Ggp) from Uy(n)/60;Uqy(n) onto
0°U,(n) /6P U, (n) is given by a permutation matriz.

(5) B is stable by o.

(6) B is stable under the bar involution.

Definition 3.2. A basis B* of Ay(n) is said to be of dual canonical type if it satisfies the
conditions —(@ below:

(1) The elements of B* are weight vectors.

(2) 1 € B~

(3) Each ker(rwp) is spanned by a subset of B*.

(4) In the bases induced by B*, the map

riv : ker(rp+1)/ ker(rip) —> ker(r;)

s given by a permutation matric.
(5) B* is stable by o.
(6) B* is stable under the bar involution.

The dual basis to a basis of canonical type is of dual canonical type and vice versa.
It is proved in [BK] §5] that each basis of dual canonical type induces a crystal structure
on B (or B*) isomorphic to B(c0).
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Theorem 3.3. [Ba, [Mc2] Let A € PT. Let V(X) be a highest weight module of Uy(g) with
highest weight A\ and let vy be a highest weight vector. Let B be a basis of canonical type.
Then the set

{b’U,\ ‘ b € B, buy 75 0}
is a basis of V(A).

The algebra U, (n) is the quotient of the free Z[q, ¢~ 1]-algebra 'f on the generators {6; }icr.
The shuffle algebra III is defined as the graded dual of 'f, where the basis of words [i1, . . ., y]
in IT is dual to the basis of monomials in ‘f. Then Ay(n) is a subalgebra of III and we write
¢ for the inclusion.

Let i1,19,... be a sequence of elements of I such that each element of I appears infinitely
often. A word is said to be extremal for an element z € A, (n) if it is minimal for the relevant
lexicographical order amongst all words which appear in «(z) with nonzero coefficient.

Lemma 3.4. Let B* be a basis of dual canonical type and let b* € B*. Let i = i]'i3*--- be
an extremal word for b*. Then i appears in t(b*) with coefficient

[a1]i, [assy! - - -

Proof. Consider ;o1 r(b*). By Condition (4) in Definition it lies in B*. The word i5%15° . ..
is extremal for i1 r(b*) and by induction, we may assume that it appears with coefficient

[az]i,! -+ in L(i‘lll r(b*)). This implies that i appears in ¢(b*) with the desired coefficient,
namely [a1]![az]!---. O

Lemma 3.5. [Kl, §2.8] Let B* be a basis of dual canonical type and let x and y be two
elements of B*. Ezxpand their product in the basis B*:
Ty = Z cp<b*. (3.1)
b*eB*
Then there exists b* such that cp+ is a power of q.
ay -az by :bo

Proof. We have an extremal word #]'75% ... for x and an extremal word ¢}"i5* - - - for y. Then

a1+b1 ;a2+b2
o

the word 7] ... 1s extremal for zy and appears with multiplicity

la1 + b1]'[az + ba]!- - -
by Lemma Apply T Tt Ta o to li The left hand side is a power of ¢, while

by extremality, each term in the right hand side is ¢« times an element of B* or zero. The
element 1 € B* can only appear once, so there must be a term where ¢« is a power of q. [

For any weight basis B, let B, be the elements in B of weight v.

Lemma 3.6. Let B be a basis of canonical type. Let A\ € Pt and let u < n be two elements
of WA. Then there is exactly one choice of b € B, such that bv, # 0. For this choice of b
we have bv, = vy,.

Proof. Since the g-Shapovalov form is nondegenerate and the n-weight space of V' (\) is one-
dimensional, bv, # 0 if and only if (bv,,v,) # 0.
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We concentrate on the first statement and proceed by induction on 7. First consider the
base case when 7 = A. In this case we have (bv,,v,;) = (v, o(b)v,). The invariance of B
under o implies that ¢(b) € B if and only if b € B. By Theorem there is a unique choice
of ¢(b) € B making this pairing nonzero, hence a unique choice of b € B.

Now consider the case of n # A. Then there exists i such that n < s;n. Then v, = Fl-(c)vsm

for some integer c. We compute

(bvy, vy) = (bUsz‘(C)Usm) = (Ez‘(C)bvmvsm)-
If b € E;Uy(n) then Ei(c)bvu factors through the weight space V(A);—_q, which is zero. If
b ¢ E;Uy(n), then there exists a unique ' = €5b € B such that Ei(c)b — ¥ € ESTU,(n). By a
similar argument, Ei(c)bv,7 = b/'v,. Here ¢; is the crystal operator.

By the inductive hypothesis, there exists a unique choice of b" € B such that (b'v,, vs,,) = 0.
As ¢€; is injective, there is thus at most one choice of b such that (bv,,v,) # 0. The existence
of such a b is obvious as the condition p < 7 means that it is easy to write down a product
x of Chevalley generators in Uy(n),—, such that zv, # 0.

At this point we have proved the existence of exactly one choice of b € B,_, such that
bv, # 0. We now aim to show that for this choice of b, we have bv, = v,. We induct on 7,
the base case where n = p being trivial.

Suppose then that i # . Then there exists ¢ such that u < s;n7 < 1. Then by the inductive
hypothesis, there exists b’ € B such that b'v, = vs,;,. Then EZ-(C)b’vu = v, for some integer
c and we do a similar argument to show that (éb')v, = vy, so by uniqueness of b, we're
done. O

4. GENERALISED MINORS

Definition 4.1. Let A € P and p,n € WA. The generalised minor D(u,m) € Aq(n) is
defined by

D(p,n)(x) = (20, vy)
for all x € Uy(n).

The agreement between this definition and the definition of [KKKO2, §9.1] is discussed in
[GLST], §5].

Theorem 4.2. Let B* be a basis of dual canonical type. All generalised minors D(u,n) with
w < n lie in B*.

Proof. Suppose b € B where B is the basis dual to B*. Then D(u,n)(b) = (bvy,vy). By
Lemmal[3.6] there is a unique choice of b € B such that this is nonzero, and for this particular
choice of b, bv,, = v,,. Therefore D(u,n) € B*. O

Lemma 4.3. Let A € P™ and suppose that 11 < po < -+ < pny1 are weights in W. Then

T —pieeespin —pingr (D (115 fint1)) = D(pa, p12) @ -+ @ D(pin, pins1)-
Proof. Let B be a basis of canonical type. Suppose that b1, ...,b, € B are such that

(TMI_M27v~-7Nn_Nn+1 (D(Mh Mn+1))7 b ®- - ® bn) 7é 0.
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Then (D(p1, pint1),01---by) # 0. By the definition of the generalised minor, this implies
that
(vm SJRER b”vﬂn+1) # 0.
By repeated application of Lemma there is a unique choice of by,...,b, € B such that
this pairing is nonzero, and for this choice of by, ..., by, the value of the pairing is 1.
Furthermore, by looking at the degrees involved, we see that the identity

biVp iy = Vp,
holds for each 3.

Therefore we have identified r,,, .. —ppit (D(t1, fing1)) as a tensor product of elements
of B*. Furthermore the proof of Lemma [3.6|identifies each factor as D(u, ti11)- O

Lemma 4.4. Let A be a dominant weight and p,( € WA. Then
D(,¢)* = ¢ =#=9/2D(2p,2¢).

Proof. The submodule of V(\) ® V(\) generated by vy ® vy is isomorphic to V(2\). Now let
us specialise to ¢ = 1. Then we can define a bilinear form on V(A) ® V() by setting

(11 ® 2,1 ® Y2) = (21, 91) (72, Y2)

and extending by linearity, where (-,-) is the Shapovalov form. When restricted to V(2\)
inside V/(A) ® V(X) this form satisfies

(v, w) = (v, p(x)w)
for all z € g, hence is the Shapovalov form on V' (2)).

Note that v, ® v, and v ® v¢ are normalised extremal weight vectors in V(2A). Thus at

q = 1, we have
D2, 20) () = (2(v @ vu), ve @ ve)
= (D(1,¢) @ D(p, Q))(A(x))

We have thus proved this lemma when ¢ is specialised to 1. Now pick a basis B* of dual
canonical type such that the structure constants for multiplication all lie in N[g,¢~!]. For
example, by [Mc2, Theorem 12.7], we could take a basis coming from simple representations
of KLR algebras. From Theorem[4.2] D(y,¢) and D(2p,2¢) both lie in B*. So by considering
the expansion of D(yu,¢)? in the basis B* and comparing with what we already know about

the behaviour at ¢ = 1, the only option is that D(u, ()% = ¢ D(2u,2¢) for some integer N.
We can identify the integer N from the identity (2.1)). O

5. KLR ALGEBRAS WITH AUTOMORPHISM

Let @ be a quiver with vertex set I (not the same as the set I in §2) and let a be a finite
order automorphism of ). We assume that there are no arrows between any pair of vertices
in the same a-orbit. Let n be the order of a.

To such a quiver with automorphism, let J be the set of a-orbits on I. Define -: J x J —7Z
by j-j = 2|j| and for j # k, —j - k is equal to the total number of edges in @) between an
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element of j and an element of k. This is a symmetrisable Cartan datum expressed using the
formulation in [Lu3]. It is known that every symmetrisable Cartan datum arises from such
a construction. The relationship between (Q,a) and the Kac-Moody Lie algebra g we work
with is that g is the Kac-Moody Lie algebra with Cartan datum (J,-).

Define, for any v =) ., v4i € NI, [v| =, ;v; and

v

Seq (v) = {i=(i1,....ip) € M D i =v}.
j=1

This is acted upon by the symmetric group S),| in which the adjacent transposition (i,i+1)
is denoted s;.
Define polynomials Q; j(u,v) for i,j € I by

o (u— . (v — if 7 ]
Qi,j (u’ U) — {(l;lz—m (U U) H]—)z(v U) lf z i j

where the products are over the sets of edges in ) from ¢ to j and from j to 7, respectively.
Let k be an algebraically closed field whose characteristic does not divide n.

Definition 5.1. The KLR algebra R(v) is the associative k-algebra generated by elements
ei, Yj, Tk withie Seq(v), 1 <j <|v| and 1 <k < |v| subject to the relations

eiej = dj jei, Z eg =1,
ieSeq(v)
YU = YiYk, Yr€i = €Yk,
Tie; = esiTl, ThPr = Tdr if |k =1 >1,

2
Tiei = Qipipr (Yks Ykt 1) €,

—ej if l = k,ip = igy1, (5.1)
(ThYl — Ysp () Th)EL = { €5 ifl =k +1,ip = igy1,
0 otherwise,

(TR 1TRTR41 — ThTR+1Tk) €
Qip iy W Yrr1) — Qipiprs (Yt2, Ykt 1)

= Yk — Yk+2
0 otherwise.

e if iy = ipqo,

We remark that we have not used the most generic choice of polynomials Q;;(u,v) as in
[Rol] to define these algebras. However it is important to us that we do use this choice,
which implies that these algebras are isomorphic to certain Ext algebras [VV) Ro2, Ma] on
the moduli stack of representations of the quiver Q). We rely on some results from [KKKO2]
which require this geometric interpretation of these algebras. This assumption also implies
that the algebras R(v) symmetric in the sense of [KKK], giving us access to the theory of
R-matrices for KLR algebras.
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The algebras R(v) are Z-graded by setting e; to have degree zero, y; to have degree 2 and
7;€; to have degree i; - i;41. All R(v)-modules which we consider in this paper will be graded
left modules.

The automorphism a of @ induces isomorphisms R(rv) = R(av) for all v. In particular,
when av = v, it induces an automorphism of the algebra R(v), which we will also denote by
a.

Consider v such that av = v. We consider the category C, of pairs (M, o) where M is a
representation of R(v) and o:a*M — M is an isomorphism such that

coa*oco---o(a")"to =idy. (5.2)

A morphism from (M,o) to (N,7) is a R(v)-module map f: M — N such that the

following diagram commutes:

a*
M —— a*N

M Iy N

Let £, be the full subcategory of C, whose objects are pairs (M,o) where M is finite
dimensional. In [Mc2] it is shown that C, and £, are abelian categories.

6. THE GROTHENDIECK GROUP CONSTRUCTION

Let Z[(,] denote the ring of cyclotomic integers where ¢, is a primitive n-th root of unity
and fix a ring homomorphism Z[(,] — k.

An object (A,0) of C, is said to be traceless if there is a representation M of R(v), an
integer ¢ > 2 dividing n such that (a*)!M = M, and an isomorphism

AZMGa M- @ (a") M

under which o corresponds to an isomorphism carrying the summand (a*)? M onto (a*)’ M
for 1 < j <t and the summand (a*)!M onto M.

The group K(L,) is defined to be the Z[(,]-module generated by symbols [(M, )] where
(M, o) is an object of £, subject to the relations

(X]=[XT+[X"] if0—X — X — X"—0is exact
(M, ¢no)] = Gal(M, 0)]
[X]

0 if X is traceless

There is also a version of this construction for the category of finitely generated projective
modules. It plays an important role in [Mc2] but is not needed in this paper.

There is an action of ¢ on K(L,) by shifting the grading. Thus K(L£,) is naturally a
module over the ring Z[C,,q, ¢ ]
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7. INDUCTION, RESTRICTION AND DUALITY

Given (M,0) and (N, 7) in Cy and C, respectively, we can form the induced module

MoN:=RA+p) & MeN.
R(N®R(p)
The isomorphisms ¢ and 7 induce an isomorphism a*M oa*N — M o N. When precomposed
with the natural isomorphism a*(M o N) = a*M o a* N, we obtain an isomorphism

cot:a*(MoN)— MoN.

The object
(M.0)o (N,7):= (MoN,co7)
is an element of Cy4 .
This induction functor induces a product structure on the direct sum of Grothendieck

groups
P x(«L.).
veNJ
For A\, ;u € NJ, let ey, be the image of the identity under the inclusion R(\) ® R(p) —
R(A+ p). Given a R(\ + p)-module M, its restriction is defined by

Res,\# M := 6>\;LM‘

It is a R(A\) ® R(p)-module.

Since ey, is invariant under a, there is a canonical isomorphism a*(Res M) = Res(a*M).
Thus we obtain a restriction functor from Cy1, to Cy,. This restriction functor induces a
coproduct structure on the same direct sum of Grothendieck groups

P KL,
veNJ
the details of which can be found in [Mc2].
Let ¢ be the antiautomorphism of R(v) which sends each of the generators e;, y; and 7y
to themselves.
Let M be a finite dimensional R(v)-module. Then its dual D(M) := Homy (M, k) is also
an R(v)-module by
r(A)(m) = Ay (r)m)
for all r € R(v), A € D(M) and m € M. This extends to a contravariant autoequivalence of
L, which we also denote D, where D(L, o) = (DL, (Do)~ 1).
An object (M, o) of £, is said to be self-dual if there is an isomorphism

(M,0) = (DM, (Do)~ ).

In [Mc2], a ring Z C A C Z[(, + ¢, '] is defined. This ring is equal to Z whenever n < 5
or k has characteristic zero, and there are no known examples where A # Z.

Let k* be the A[g, ¢~ ']-submodule of @,y ; K(L,) spanned by the self-dual simple mod-
ules. For each j € J, there is a canonical self-dual simple object of £; which we denote by
L(j). It is unique if n is odd and unique up to rescaling o by +1 if n is even. A canonical
choice is made in [Mc2l §7]. The main theorem of [Mc2] is:
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Theorem 7.1. [Mc2, Theorem 6.2] There is an Alq, ¢~ ']-linear grading preserving isomor-
phism v* : k* — Ay(n) @z A such that
(1) v (LG)) = 07 for all j € J.
(2) Under the isomorphism ~*, the multiplication Ay(n)y ® Aq(n), — Ag(n)rqp corre-
sponds to the product on k* induced by Ind) ,,.
(3) Under the the isomorphism ~*, the comultiplication Ag(n)xy, — Ag(n)x @ Ag(n),
corresponds to the coproduct on kK* induced by Resy .
(4) Under the isomorphism ~v*, the bar involution on Aq(n) corresponds to the anti-linear
antiautomorphism on k* induced by the duality D.

It is shown in [Mc2] that classes of self-dual simple objects give a basis of k*, which by
Theorem is transported to a basis of A,(n). We denote this basis by B*. It is also shown
that B* is a basis of dual canonical type. We call B* the dual p-canonical basis, where p is
the characteristic of k. When p = 0, B* is the usual dual canonical basis, also known as the
upper global basis.

8. CUSPIDAL MODULES

For now we work with the unfolded Dynkin diagram obtained by forgetting the orientation
on Q. Let W be the corresponding Weyl group, generated by s; for i € I. Let ®* be the set
of positive roots and @~ be the set of negative roots. Fix an element w € W. Define

P(w) ={a € d" |w(a) € d}.

The following important fact is standard

Proposition 8.1. Let w = s;, - - - s;, be a reduced expression of w € W. For each 1 <k <1,
let By = 84y -+ - si,_, i, Then

O(w) = {p1, P2, .-, B}

Definition 8.2. [TW], Definition 1.8] A convex preorder is a pre-order = on ®* such that,

(1) For any equivalence class €, any a € spang_ ¢ and any non-zero x € spang_ {8 €
O* | 8= €}, we have that a + x & spany_ {6 € T | 8 X €}

(2) For any equivalence class €, any a € spang_ ¢ and any non-zero x € spany._ {8 €
ot | B < €}, we have that a + x & spang_ {5 € ®* | B = €}.

A convex order is a convex pre-order which is a total order on real roots.

Example 8.3. Let (V, <) be a totally ordered Q-vector space. Let h:Q® —V be an injective
linear transformation. For two positive roots o and (B, say that o < B if h(a)/ht(a) <
h(B)/ ht(B) and o = B if h(a)/ ht(a) < h(B)/ ht(B). This defines a convexr order on ®.

In the above example we can take V' = R with the usual ordering to get the existence of
many convex orders.

Lemma 8.4. Fiz a reduced expression w = s;, ---s;, and let 3; be the root defined in Propo-
sition 8.1 Then there exists a convex order < such that f1 < B2 < -+ < [, and for any
ac€dt\ d(w), a= .
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Proof. Choose a generic hyperplane h in R® such that the roots in ®(w) and the roots in
d+ \ ®(w) are on opposite sides of h. Choose a linear map h:R® — R, injective on Q®,
such that h = ker h and h(®(w)) C Reg. From h, the construction in Example provides
us with a convex order <’ on ®*. Now define our desired convex order < by

e 1 <fr< < fn

o If o € P(w) and B ¢ ®(w) then a <

o If , 8 ¢ ®(w) then a < B if and only if o <’ 5.

It is straightforward to check that this construction gives a convex order. O

Definition 8.5. Let « € ®*. An object (M, o) of Co is <-cuspidal if whenever Resy , M # 0,
we have that X\ is a sum of roots less than or equal to o while i is a sum of roots greater than
or equal to a under <.

Remark 8.6. Elsewhere, in [Mcll [TW], this notion is called semicuspidal. Since we will only
care about the case where « is a real root, the distinction between cuspidal and semicuspidal
is irrelevant.

Theorem 8.7. [TW] Let o be a real root and < a convex order. Then there exists a unique
self-dual simple <-cuspidal R(c)-module, denoted L(c).

The following theorem is [GLSI, Proposition 7.4] together with [Mcl, Theorem 9.1]. But
we will give a direct proof.

Theorem 8.8. Let s;,5;,--5; be a reduced expression for w € W and let < be a convex
order constructed from this reduced expression as in Lemma (8.4 For each k with 1 <k <1,
let By = si, -+ siy,_, ), and let L(By) be the corresponding cuspidal R(B))-module. Then

k
[L(Bk‘)] = D(Sil C S Wiy, Siq e Sik,lwik)a
the identity taking place in Aq(n), identified with the Grothendieck group via Theorem .

Proof. Write D for D(s;, - - - 8, Wiy, Siy - - - Sij,_, Wiy, ). Note that B = s, -+ 84, Wi, —Siy -+ * Si, Wi, -
By Theorem D € B* so by [Mc2, Theorem 12.7], D is the class of a self-dual simple
module of R(S). Consider the classification of semicuspidal modules in terms of semicuspi-
dal decompositions from [TW]. Since there is a unique irreducible cuspidal representation of
R(Py), it suffices to show that

T'B1,8k—Bi (D) =0
for all | < k.

Thus it suffices to show that s;, - - s;,w;, — B is not a weight in V(w;, ). Since f; is a real
root, it suffices to show

(8iy -+ 85, Wiy, B1) < 0.
By the Weyl group invariance of the pairing (-,-) and the fact that s; (a;,) = —ay,, this is
equivalent to
(wika Sy 8il+1aiz) <0.
Since s;j,_, -+ s, is a reduced expression, s;,_, -+ 8, @, is a positive root, which thus has a
nonnegative pairing with w;, , completing the proof. O
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9. THE QUANTUM UNIPOTENT RING AND ITS CATEGORIFICATION

Fix w € W. Choose a reduced expression for w. This determines an enumeration of
®(w) by Bi,..., 5 and some dual PBW vectors E € Ag(n)g,. We will not give the usual
definition of these in terms of the braid group action here, but will note that by Theorem
and [GLS2, Proposition 7.4], B} = [L(B)], so it can be defined as a generalised minor if
desired.

Let A, (n(w)) be the Z[g, ¢~ !]-subring of A,(n) generated by Ej ..., Ej . 1t is known that
this does not depend on the choice of a reduced decomposition.

Let m = (m,...,m) be a sequence of [ natural numbers. Associated to 7 is the element

B = (B - (B3
Then this collection E¥ is a Z[g, ¢~ !]-basis of A,(n(w)).

Definition 9.1. Let Cy,(v) be the full subcategory of finite dimensional R(v)-modules such
that whenever Resy , M # 0, A € N®(w). Let Cyy = U,Cy(v).

Since the restriction functor is exact, C,, is closed under subquotients and extensions. This
implies it is abelian.

Theorem 9.2. The Grothendieck group of the category C,, satisfies

D Ko(Cu(v) = Ag(n(w))

veNT

Proof. The category C,, is closed under the induction product by the Mackey filtration [KLI,
Proposition 2.18]. It also contains the modules L(f) since they are cuspidal. Therefore we

have

D Ko(Cu(v) 2 Ay(n(w))

veNT
To complete the proof, it will suffice to show that the dual PBW basis vectors EY span
Ko(Cy), since they form a basis of Ag(n(w)).

The dual PBW basis vector E* is the class of the proper standard module A(7) = L(31)°™ 0o
-0 L()°™. By [Mcll, Theorem 10.1(3)] (although that paper is about affine Cartan data,
the argument works in all types), the change of basis matrix between the proper standard
modules and the simple modules is unitriangular. Since the classes of the simple modules in
Cy form a basis of its Grothendieck group, the same is thus true for the classes of the proper
standard modules, completing the proof. O

Remark 9.3. The above also shows that our category C,, is the same as the one with the same
name in [KKKO2], since both are Serre subcategories.

10. R-MATRICES

Since the polynomials Q; j(u,v) appearing in the definition of the KLR algebras are all
polynomials in u — v, the construction of R-matrices for KLR algebras in [KKK] applies.
Thus for every pair of modules X and Y, there is a nonzero morphism:

T‘X’y:X—>Y
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Given any three modules X, Y, and Z, these R -matrices satisfy the Yang-Baxter equation

(TY,Z @) ldx)(ldy o TX,Z)(TX,Y @) ldz) = (le (e] TX,Y)(TX,Z o ldy)(ldx o 7")/’2) (101)
as well as the identity

(ryox,z)(rxy oidz) = (idz o rx,v)(rx0v,2)- (10.2)

The R-matrices also behave nicely with respect to the automorphism a, namely we have
the identity

*
Ta*X,a*Y = @ TX)Y

Lemma 10.1. Let X and Y be modules such that X oY 1is simple. Then X oY ZY o X
with a pair of inverse isomorphisms being given by rxy and ry,x.

Proof. When q is specialised to 1, the Grothendieck group becomes commutative. Therefore,
at ¢ =1, [Y o X] = [Y][X] = [X][Y] = [X oY]. So [Y o X] has the same class as a simple
module at ¢ = 1, which corresponds to forgetting the grading. Therefore Y o X is simple.
The R-matrices rx y and ry x must be isomorphisms by virtue of being nonzero maps be-
tween simple modules. By [KKK|, Lemma 1.3.1(vi)|, the R-matrices with spectral parameters
satisfy Ry xRxy(v ® w) = (2 — w)'v ® w for vectors v and w of highest degree in X and
Y respectively. Since ry xrxy = (2 —w) *Ry,xRx y|:=w—=0 and is an isomorphism, it must
be that s = ¢ and ry xrx,y is the identity (since it is a scalar multiple of the identity and
preserves v ® w). Therefore the R-matrices rxy and ry x are inverses of each other. O

For such X and Y, there are integers A(X,Y) and A(Y, X) such that the modules Y Xo
Y and ¢*¥"¥)Y o X are self-dual simple modules (this is denoted A in [KKKOZ2]). Now con-
sider the diagram

,
AV Yoy TX—J Ay o X
Y, X

We define X @Y to be the direct limit of this diagram, it is thus a self-dual irreducible module
which is canonically isomorphic to both X oY and Y o X up to grading shift.

Now given (X,0) € C\ and (Y,7) € C, with X and Y as above, the following diagram
commutes

TX,Y
qA(X’Y)X oY — qA(YvX)Y oX

Yy, X
UOTT TTOO’
a*rxy

PE (X oY) — A" (Y o X)
a*ry, x
so there is a canonical element (X ®Y,0 ® 7) in Cy4,, which does not depend on the order
of the factors up to canonical isomorphism.
Now suppose we have a family of self-dual simple modules X1,..., X, such that X; o X;

n
is simple for all 7, j. Then we define () X; inductively by
i=1

)

n n—1
=1 i=1



CLUSTER MONOMIALS ARE DUAL CANONICAL 15

Via the R-matrices, using and , this module is canonically isomorphic to a grading
shift of X,(1)0 -0 X, for any permutation o € Sy,.

If in addition there are isomorphisms o; : a* X; — X satisfying , then by iterating the
case of two modules, we obtain an object

n n
(Q Xi7 Q U’i)
i=1 i=1
which does not depend on the order of the factors up to canonical isomorphism.

11. REDUCTION MODULO p

We shall need to make some arguments involving reduction modulo p. For this we need a
p-modular system. Since we can work over any field with n n-th roots of unity, it is easy to
find such a system. For example, we can take F' = Q((,), O = Z[(,] and let m be a place of
F over p (recall that we assume p does not divide n). Then (Fy, O, F,[(,]) is a p-modular
system. The KLR algebras are known to be free over Z [Ma], so the standard theory of
reduction modulo p can be applied.

The following diagram of isomorphisms commutes, where d is the decomposition map and
the subscripts on the k*s and ~*s refer to the characteristic of the field k£ used to define them.

K d K

k K

Agn) ® A
A module M is said to be real if M o M is irreducible.

Proposition 11.1. Let A € PT and p < n two elements of WA. Then there exists a real
self-dual simple R(n — p)-module M (n, u) satisfying

Y (M (psm)]) = D(pym).

Furthermore, the reduction of M (p,n) modulo any prime remains irreducible.

Proof. By Theorem [£.2] D(u,n) € B*. Therefore a self-dual simple R(n— p)-module M (n, 1)
must exist satisfying v*([M (u,n)]) = D(u,n). This module is real because by Lemma
D(u,n)? € ¢*B*. It remains irreducible when reduced modulo p because the decomposition
map commutes with the isomorphism to A, (n). O

There are fundamentally three places in [KKKO2| where the assumption that the ground
field k£ has characteristic zero is used. This is in their proof that all generalised minors lie
in B*, as well as in their Theorem 10.3.1 and Proposition 10.3.3. In the rest of this section,
we show how to prove these results in arbitrary characteristic, ensuring that all results in
[IKKKO2] are valid in arbitrary characteristic.

We know that all generalised minors D(pu, () lie in B* by Theorem and [Mc2l, Theorem
12.7]. The other two results which we need to prove appear as Theorem and Corollary
118 below.

Given any two modules M and N, we define M ¢ N to be the head of M o N.

First we generalise [KKKO2, Theorem 10.3.1] to all characteristics.
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Theorem 11.2. Let A € P and py, 2, p3 € WA such that py =< po < us. Then
M (pr, p2) © M(pz, p3) = M(pa, ).

Remark 11.3. It is possible to prove this in all characteristics from the characteristic zero
result by an argument using reduction modulo p. However we give a uniform proof.

Proof. By Lemma [£.3] we get

Resyy s —po M (i1, p13) = M (1, p2) @ M (p2, p3).

By adjunction there is thus a nonzero morphism from M (uy, p2) o M (u2, u3) to M (1, p3).
Since M (p1, p2) is real, [KKKOI, Theorem 3.2] implies that M (u1, p2) o M (ua2, u3) has an
irreducible head, which must thus be M (u1, u3). O

Lemma 11.4. Let M and N be modules for a characteristic zero KLR algebra and let M,
and N, denote reductions of M and N modulo the prime p. Suppose that My, o M, and N,
are simple. Then

deng,N = deg TMp:Np'

Proof. Since My, o M, is simple, the same is true of M o M. It is immediate from [KKKOI]
Theorem 3.2] that the spaces Hom(M o N, N o M) and Hom(M, o Ny, N, o M),) are one
dimensional, spanned by ry; ny and 77, N, respectively. The morphism rys y can be reduced
modulo p to give a nonzero morphism in Hom(M,, o N, Nj, o M,,) of the same degree. By the
one-dimensionality of this homomorphism space, we have our desired result. O

As a Corollary, we are able to prove [KKKO2, Proposition 10.3.3] in all characteristics:

Corollary 11.5. Let x € W and i € I be such that xs; > x in Bruhat order and xw; # w;.
Let X = M (zsw;,zw;) and Y = M (zw;,w;). Then

degryy +degry x = 2.

Proof. By Proposition and Lemma [11.4] we reduce ourselves to the case where the
ground field k is of characteristic zero, which is [KKKO2, Proposition 10.3.3]. O

As a consequence of these results, all results proved in [KKKOZ2] are valid over an arbitrary
ground field.

12. QUANTUM CLUSTER ALGEBRAS

Here we give the definition of a skew-symmetrisable quantum cluster algebra, introduced by
Berenstein and Zelevinsky [BZ]. Some of our powers of g are different from those which appear
elsewhere in the literature. We make these choices so that we do not have to ever extend
scalars to Z[ql/ 2 gV 2]. Specialising ¢ = 1 recovers the classical notion of a commutative
cluster algebra.

Let ex C S be two finite sets. A cluster matrix is an integer matrix B with rows labelled by
S and columns labelled by ex. We call elements of .S vertices and elements of ex exchangeable
vertices. Vertices not in ex are called frozen.

Let A = (\ij)ijes be a skew-symmetric integer matrix. We say that the pair (A, B) is
compatible if

AB = -2F
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where F = (eq) is a matrix with eg; > 0 for all s,¢ and ey > 0 if and only if s = ¢ € ex.
We write es for the integer egs. If (A, B) is compatible, then the principal part of B is
automatically skew-symmetrisable.

The mutation of (A, B) in the direction k € ex is the pair (A, B") where

)\/ _ )\St lf S,t # kj
| oy max(bik, 00Ny if s =k #t,
and

’ —bij ifi:korj:k
ij bik|bii+bik|bij
J bw + I zkl kJ2 zk‘ ’L]|

It is easily checked that the mutation of a compatible pair is compatible.

Let Q be a lattice and (-,-): Q x Q —Z a bilinear form. Let A be a Q-graded Z[q, ¢ ']-
algebra which embeds in a skew-field . Suppose A has a grading-preserving bar-involution
which satisfies § = ¢~ ! and

otherwise.

A — (Y5 .4
for homogeneous elements A and B of degrees a and b respectively.

Fix a compatible pair (A, B) and let {d;};cs be a family of elements in QT such that
Xij = (di, dj) (mod 2) for all 7,5 € S. Let Y; € Ay, for i € S be a family of elements such
that

YiY; = ¢YYi.
We call such a family of elements A-commuting.

Given such a choice of A-commuting elements, make a choice of identification S = {1,2,...,m}.
Let a = (ay,...,an) € N™. Define

ya — (q1/4)(2i aidi,y2; aidi) =37 ai(diydi)+23 05 5 aiajij Yy ..y,

This is an element of a A that does not depend on the ordering of the indexing set S. The
condition A;; = (d;,dj) (mod 2) implies that the exponent of ¢ is an integer. If each Y; is
self-dual (i.e. invariant under the bar involution), then so is Y2.

The based quantum torus associated with A is the Z[q, ¢ ']-algebra T (A) generated by
de, ..., X! subject to the relations

XiX; = ¢ X, X;.

Definition 12.1. A quantum seed in A is a triple ({Ys}ses, A, B) with (A, B) a compatible
pair and {Ys}ses a A-commuting family of self-dual elements of A such that the induced map
from T(A) to K is injective.

In such a situation, we call the set {Y;}scs the cluster, and the Y; are the cluster variables.
If s € ex then the corresponding cluster variable is called exchangeable, otherwise frozen.
The elements Y2 are the quantum cluster monomials corresponding to this seed.

We now define how to mutate a quantum seed at an exchangeable variable. Fix s € ex.
Define a™(s); = max(bs,0) and a™(s); = max(—bss,0). This defines two sequences a™(s)
and a™(s) of integers indexed by S. The mutation variable Y, is then defined by

V.Y, = yat(s) + quYa—(s)' (12.1)
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It is easy to check the following
Proposition 12.2. The triple ({Yi}es U{Y,}\ {Ys}, A, B') is also a quantum seed in K.
Now we can define a quantum cluster algebra.

Definition 12.3. Let Z be a quantum seed in A. The quantum cluster algebra A(Z) associated
to T is the Z[q, q~']-subalgebra of K generated by all quantum cluster variables in all quantum
seeds obtained from T by all sequences of mutations.

A quantum cluster algebra will necessarily be a subalgebra of the fraction field of T(A).

13. THE INITIAL QUIVER

The quivers that appear from now on will always refer to combinatorial data used in cluster
mutation. They bear no relation to the quiver used to define the KLR algebras, which can
be safely forgotten about.

We now give a construction of a quantum cluster algebra associated to an element w € W.
The construction will a priori depend on a choice of reduced expression for w, but ultimately
we will show that this quantum cluster algebra does not depend on this choice.

Let w = s;, ...s;,, be a reduced expression for w € W. To this data, we now define a
quiver Q(i1,...,%mn). Consider an array indexed by {1,...,m} x I. We place a vertex at each
point in the array of the form (¢,4;). We place a horizontal arrow from the vertex (a, i) to the
vertex (b,4) if @ > b and there is no vertex (c,i) with a > ¢ > b. The other arrows between
rows form a zigzag pattern: We place —i - j arrows from (a,i) to (b,j) if a < b and there is
no (c,j) with the properties that (i) ¢ > b and (ii) there is no vertex (d,7) with ¢ > d > b.
For each i € I, the vertex of the form (a, i) with largest a is decreed to be frozen.

For example suppose that our Cartan matrix is

2 -3 -4
-3 2 =2
-4 -2 2

and that our reduced word is s;5;5;5,5i5j5;5j5L5;, where 4, 7 and k are used to label the rows
of the Cartan matrix, in that order. Then the quiver Q(i, 7,14, k, 1, 7,14, 7, k,7) is

/ \//
)i / \x\
\4 /

where a number on an arrow means that there are that many arrows between the vertices.
Frozen vertices are depicted in bold.
To the vertex (t,i;), we associate the cluster variable

Y := D(siy -+ 8i,Wi, , Wi, ) (13.1)

2
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These are the cluster variables in an initial cluster in the quantum cluster algebra structure

on Ay(n(w)).
14. SEEDS WITH AUTOMORPHISM

Definition 14.1. A guantum monoidal seed with automorphism is a quadruple
J = ({Mitiev,Q,a,{oi}icv) where
(1) Q is a quiver without loops with vertex set V = Vex LI V.
(2) a is an automorphism of Q preserving the decomposition V- = Vex UV such that there
are no arrows in @ between any two vertices in the same a-orbit.
(3) {M;}icv is a family of modules such that M; o M; is simple for alli,j € V.
(4) {oi}tiev is a family of isomorphisms

;i a*M; — My;
such that the composition
Tan-1; © @ Tgn-2; 0 -+ 0 (a*)" Lo
is the identity map on (a*)"M; = M; = Mgn;.

We remark here an important consequence of condition (3) in this definition. It implies
that any M;, o---o M; is simple for any i1,...,i, € V. This follows from [KKKO2, Prop
3.2.5].

Let s denote an orbit of a on Vex. We define the mutation ps(Q) of @ in the direction s
to be the quiver obtained by the following combinatorial rule.

(1) For every i € s and pair of arrows j — i — k in @, we add an arrow j — k.
(2) Reverse the direction of any arrow involving a vertex in s.
(3) If there is a pair of opposing edges  — y and y — z in the quiver, delete both.
Repeat until no such opposing pair exists.
It is clear that a induces an automorphism of ps(Q)). We note that ps(Q) is the quiver

obtained by successively mutating @ at each vertex of s under the usual process of quiver
mutation.

Definition 14.2. Let J = ({M,;}icv, @, a,{0i}icv) be a quantum monoidal seed with auto-
morphism. A mutation of J in direction s is a quantum monoidal seed with automorphism
of the form

ps(JT) = ({Mi}iEV\s U {Mil}i€57 1s(Q), a, {Ui}iGV\s U {U;}ies)

where for every k € s, the module M], and the automorphism o} : a*M] — M, are such that
there is the following commutative diagram with exact rows:

0 —— a*(qg O M) —— a*(¢*MeMING o M) —— a* O M; — 0
i—k k—1

l@oi lakocr; l@Ui (14.1)

0 — qOQ My —— AMMONM oM, —— O My — 0
i—k k—1

where the products are always taken over edges in Q.
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Here the integer A(M, M) is defined by 2A(M, M') = v - v/ + degras pr, where M and
M’ are modules for R(v) and R(v'). An alternative a postiori formula for these degree shifts
that do not depend on degrees of R-matrices is given in [KKKO2l Eq (6.3)].

It is clear that if a mutation in direction s exists, then it is unique. However the existence
of such a mutation is highly nonobvious.

Definition 14.3. Let J = ({M;}icv, @, a,{0i}icv) be a quantum monoidal seed with auto-
morphism. It is said to be compatible with B* if

(M; © My © -+ @ Mya1;,0,® 06 ®- @ 0pa1;)] € B
for alli € V, where d is the minimal integer such that a%i = i.

Note that by [I(I(I(O27 PI‘Op 325], (Mz OMy;®--O Mad*1i7 0; 00 ®-+©® O-adfli) is a
self-dual simple element of C, so its class is a priori a root of unity times an element of B*.

15. THE INITIAL SEED

Recall the setup from §5. Thus we have a KLR algebra associated with vertex set I, that
has a finite order automorphism a. Associated to I and a, we constructed a Cartan datum
(J,-) to which we attach a symmetrisable Kac-Moody algebra g. Let W be the Weyl group of
g. Let W’ be the Weyl group of the symmetric Cartan datum associated to I. Then there is
a canonical embedding of W in W’ sending each s; to [],;c ; si- Throughout, we use standard
notation such as s; to denote generators of the Weyl group, and wy to denote fundamental
weights, where the indices may come from either I or J, and the location of the index tells
us which root system we are considering.

Let w € W. Let w = s;, ...s;j, be a reduced expression for w in W. To this data, we
will construct in this section a quantum monoidal seed with automorphism compatible with
B*. This quantum monoidal seed with automorphism will serve as an initial seed in our
categorification of Ag(n(w)).

From our reduced expression of w in W, we obtain a reduced expression for w € W’ by
replacing each occurrence of s; by [[.c ; Si- The order in which this product is written will
not matter. Write w = s;, - - - s;,, for the reduced expression thus obtained.

Let Qo be the quiver Q(i1,...,i,) as defined in It is equipped with a decomposition
of its vertex set V into exchangeable and frozen vertices and has a canonical automorphism
which we also denote by a satisfying condition (2) in Definition m

Let v = (t,4;) be a vertex of Q. Define

M, = M(Sil e Sitwitawit)>

the notation being as in Proposition [11.1

It is shown in [KKKO2| that M; o M; is simple for all ¢, € V. Indeed this collection of
modules is the same as the monoidal seed constructed in that paper.

A collection of isomorphisms o, : a* M, — M,, is constructed via the following lemma.

Lemma 15.1. Let w = s;, ---sj, be a reduced expression in W. For i € jn, let M; =
M (ww;,w;). Then there exist isomorphisms o;:a*M; — Mgy; such that
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(1)
Ogn—1; 0O (:L*O'an_gi 0---0 (a*)nflai

is the identity map on (a*)"M; = M; = Mgn;, and

(2)
(O M, O 0i)] € B
1E€JN 1EJN
Proof. We proceed by induction on N, with the base case N = 0 being trivial. So suppose
N > 1. Let N; = N(sj,---Sjywi,w;). By inductive hypothesis there exist isomorphisms
7; . a*N; — N,; such that
Tan—1; 0 @ Tyn—2; 0 -+ 0 (a*)" 7 (15.1)
is the identity map on (a*)"N; = N; = Ngnj, and
(O Ni, © 7)€ B
1EIN 1EIN
Let X; = M(ww;, Sj, - -~ sjyw;). Then X; is a simple module of R(v) where v is a sum of
elements of j;. Therefore X; is a circle product of one-dimensional simples, hence there is
a canonical choice of isomorphism z;:a* X; — X,;. By Theorem M; =2 X;oN,;. We
define o; to be the isomorphism induced from x; o 7;. That condition (1) is satisfied follows
from ([15.1). To check (2), note that
(O M, O 0i) = (£,)(O Niy O 7i)
1€EJN 1EIN 1EIN 1EJN
for some integer e, where fj is the crystal operator from [Mc2], §9]. The basis B* is defined
in [Mc2] in such a way that it is preserved by f;, so this completes the proof. O

In [KKKOZ2], it is shown that for each vertex k € Ve, there exists a real simple module
M, and a short exact sequence

0= q QO M — MMM o M, — O M; — 0. (15.2)

i—k k—1

Lemma 15.2. For each s € Ve, there is an isomorphism a* M. = M| .

Proof. Since a*M| and M/, are simple, it suffices to prove an equality a[M]] = [M],] in
the Grothendieck group. Since the Grothendieck group Uy(n) is a domain, the class [M]] is
computed from the short exact sequence ((15.2). By Lemma there is an isomorphism
between a*M; and My, for all vertices ¢ of Qp. This proves the desired equality a[M]] =
[Ms]. O

Theorem 15.3. There exist choices of isomorphisms os:a*Mg — Mys for s € V and
ol a* M, — M/, for s € Vex such that

(1)

n—lo_,

* *
Ogn-1;0 G Ogn-2;0---0(a") i

is the identity map on (a*)"M; = M; = Mgn;, and
O-:ln—li

is the identity map on (a*)"M! = M} = M/,..

/ —1
o a*O'an,% 0---0 (a*)” lai
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(2) for all s € Vex, the commutative diagram with exact rows holds.

Proof. For each vertex s, choose an isomorphism 75 : a* My — M, and for each exchangeable
vertex s, choose an isomorphism 7. :a* M, — M/ ..
For each exchangeable s, consider the diagram

0 —— a"(¢O M) —— a*(qA(MS’Mé)MsoM;) —— ad OM —— 0
t—s s—t

lf lnw; lg (15.3)

0 — ¢O My —— AMMIN oM, —s (O My — 0.
t—s s—t
Here, f and g are isomorphisms canonically induced by the isomorphism 740 7. since Mo M/
is uniserial.
Since OsM; and @z M; are irreducible and k is algebraically closed, Schur’s Lemma
implies that there exist ds, €; € k™ such that

f:(Ss@Tt? 9:€s@7't-

t—s s—t

Let 05 = A\s7s and o, = pus7, for some constants Ay and us which are to be determined.
Note that (14.1)) will be satisfied if and only if

Asprs =65 [[ A and Agps = s [] M- (15.4)
t—s s—t
For each ¢ € I, consider the leftmost vertex s in Qg with second coordinate i. Make a
choice of A4 for these classes such that the corresponding collection of o’s satisfy the condition
(15.3). This is possible by Lemma We now claim that once this choice is made, there
is a unique solution to in the remaining variables A\g and ;.
To see this, note first that it suffices first to solve the following system of equations in the

variables As:
S [ M=e]] (15.5)
t—s s—t

This system of equations determines the values of A\; recursively. To find the value of A
in terms of those A\s with s where s has a smaller first coordinate, look at and rearrange the
equation where s is the vertex immediately to the left of ¢.

This deals with the question of satisfying the second property in the theorem statement.
For the first, we stack many copies of the diagram on top of each other to obtain

0 —— (¢ QkMi) — ("M MMy o M}) —— k@ M; —— 0
i— —

s s g
0O—— ¢OM —— qA(Mk’Ml/c)MkoM,’C — OM;, —— 0
i—k k—i
where f, g and h are all the appropriate compositions of circle products. Induct on the

vertex again. By inductive hypothesis, f = id. Since End(Mj, o M}) = k and the diagram
commutes, g = id. Therefore we get the property for the primed composition. Again since
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the diagram commutes, h = id, so we get the desired property there too, completing the
induction step. O

Definition 15.4. The quadruple
Jn = ({Mi}iev, Qo, a,{0i}iev)
is the initial seed associated to the choice of reduced expression for w.
Proposition 15.5. Suppose v = (k,ix) € V. Let ly,...,l, be the location of indices in the

reduced expression s;, - - - S;, that are equal to iy, (so in particular I, = k). In the classification
of irreducible modules in terms of a cuspidal decomposition from [ITW], we have

M, =hd(L(B,),---,L(B)).
Proof. For 0 < m < 7, let iy, = 8iy8i, -+ 8i, wi,. We rewrite Theorem @ in the form
[L(f1,,)] = D(tom, tom—1). By Lemma we then see that
Resy, —py 1, —po Mo = L(B,) @ -+ - @ L(By,)-

This is enough to identify M, in the classification of irreducible modules in terms of semi-
cuspidal decompositions. O

Corollary 15.6. The modules M, in an initial cluster all lie in the cuspidal category Cy,.

16. CLUSTER MUTATION

Theorem 16.1. Pick a reduced expression for w. Then the corresponding initial quantum
monoidal seed with automorphism Jin from Definition[15.4] admits arbitrary mutations in all
directions.

Proof. We have to show that for any sequence si,...,s of elements in K.y, the mutation

s, -+ s, (Jin) exists.
We will achieve this via an induction on t. For ¢t < 1, this was proved in the previous
section. So now suppose that t > 2. Define

L7 - ({Mi}i€V7 Q7 a, {Ji}iEV) = MUsi_o """ Msy (\Zn)
By inductive hypothesis, for each s € K¢, the mutation
1s(T) = ({Mi}ievns U{M] Yies, 1s(Q), a, {0 }icv\s U {07 Fies)
exists. Let

Mgy (j) = ({Ni}ie\/a Hsi_y (Q)7 a, {Ti}iGV)'

As in [KKKOZ2], we shall assume that there are only arrows in @ from s;_1 to s;, the other
case proceeding similarly. Let y € s;. Choose x € s;—1 Define modules

Loy = N2
and b
Ag;,y = @Mi@mm( e w)
i
A module M/ is then constructed in the proof of [KKKO2, Theorem 7.1.3] such that
Loy o M} 2 M 0 Ay,
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Make a choice of isomorphism f, : Lyy o My — M/ o Ay,

Now we have isomorphisms 0’ : a* Ly, — Lz oy and o : a* A, , — Agy 4y which are induced
from p,(J) and J. There is also an isomorphism ¢’ :a* M, — Mg, . Together they induce
an isomorphism o’ :a*(Ly, © Mé) —> Lagay o M, (’ly. Consider the diagram

la*fy lfay (16.1)

* 7l * T "
a My oa ALy E— May o Aaa:,ay

There is a unique morphism 7 as in the diagram above making it commute. Since M; o A, , is
irreducible, there is a unique 7, : a* M,/ — M), such that 7 = 7, 0o. This 7, is the morphism
we seek.

The family of morphisms 7, satisfy the condition (4) in Definition if and only if the
family 7 do. Since the family o’ satisfies this condition, this follows from the commutative

diagram ((16.1]).

It remains to show the mutation property holds. Define

_ @bizb:cy Qb;y
B= (0O M, ® ©) M,
biy>0, bz >0 bféy>07 biy<0, bix>0
_ Obiy _ ©=by,
P= O M Q= O M ™
by >0,iFx b;.y<(]7 1#£x

We consider the following diagram, whose horizontal rows are the exact sequences con-
structed in the proof of [KKKO2, Theorem 7.1.3] (two displayed equations above (7.13)).
The integer ¢ is described explicitly in [KKKO2] and the vertical morphisms are composites
of the canonical maps from a*X, to X, for X € {B,P,A,M,L, M’ Q}.

0——a*(¢(ByOPy)oAy) ——a*(¢°Myo (Ly o le/)> —a*((Ly O Qy) 0 Ay) —— 0

| | |

0 —— q(Bay © Pay) © Aay —— ¢“May © (Lay © My,) —— (Lay O Quay) © Aay —— 0.

This diagram is built from the short exact sequences for mutation between M, and M?;,
together with R-matrix constructions. Using and a*rxy = rexx,q*y, we see that this
diagram commutes.

We then combine this with to obtain a commutative diagram

0——a"(q¢(B, O Py) o Ay) —— a*(¢°M, o Mg//, 0o Ay) ——a*((Ly O Qy) o Ay) ——0

| | |

00— q(Bay © Pay) © Agy —— ¢“ Mgy 0 Mtlzly 0 Agy — (Lay © Qay) © Aay —— 0.

The proof of [KKKO2, Theorem 7.1.3] then shows that the following diagram has exact
rows
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0 ——a"q(By O Py) ——a*(¢°My o M;///) ——a*(Ly O Qy) ——0

| J |

0 —— q(Bay © Fay) — ¢°May 0 Ma,L/y — (Lay © Qay) —— 0.
We need to show that this diagram commutes to show that us, ---us, (Zin) exists. It

commutes because the diagram above it is obtained by applying — o A, and that diagram
commutes. O

17. DECATEGORIFICATION

Now we have established the existence of a quantum monoidal seed with automorphism,
that has successive mutations in all directions. There was a choice made in the construction
of the initial seed, but Theorem below shows that this choice does not matter for the
categorified quantum cluster structure. We now investigate what implications this categorical
structure has for a cluster algebra structure on A, (n(w)).

Suppose J = ({M;}icv,Q,a,{0i}icv) is a reachable quantum monoidal seed with auto-
morphism in Cy,. From J, we now give a recipe for constructing a cluster in A, (n(w)).

For each a-orbit s of V(Q), we define the cluster variable

v~ (0. 00)] (7.1)

€S €S

The exchange matrix B is constructed from @ in the following fashion. Let s and ¢ be two
a-orbits on the vertex set V. Then by is equal to the number of arrows from one element of
t to all elements of s. Here if an arrow goes from ¢ to s it counts as a positive arrow and if
an arrow goes from s to t it counts as a negative arrow for the purposes of this count.

The matrix A = (\y) is uniquely determined by the equations z,2; = ¢*'zz,, using
Lemma [[7.7] below.

Denote the collection ({zs}, B,A) by X(J).

Lemma 17.1. The elements x5 defined by all g-commute.

Proof. By [KKKO2l, Proposition 3.2.5], xsz; and z;zs are both classes of simple modules.
These must be the same simple, hence they are equal up to a power of q. O

Lemma 17.2. Suppose that J is a quantum monoidal seed with automorphism that admits a
mutation in the direction s. Then the clusters X(J) and X (us(J)) are related by a quantum

cluster mutation as in .
Proof. Let k € s and let d be the smallest positive integer such that a%k = k. Define
M= (MO My © - O Mya1p, 06 © gt @+ O Tpa1y,)-

and M/, and M, for i # s similarly. Let Z = M;® M. By (14.1), there is a canonical map
from Z to ®f_;M; and a canonical map from ©®;_ .z M; to Z. Therefore

Tl = Hxi—i-qu Ha:ﬁ—c
k—i i—k

where ¢ corresponds to the other terms in the Jordan-Holder filtration of Mg ® M..
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Let us now forget the diagram automorphism and consider the underlying KLR module
only. The composition factors of each M; o M j’ for each j € s are known by . Therefore
the only simple subquotients L of the underlying KLR module of Mo M., satisfying a*L = L
are the submodule ®;_,;M; and the quotient module ®;_,;zM; identified above. Returning to
the folded situation, this implies that apart from the simple submodule and quotient explicitly
identified, all of the simple composition factors of Mg o M/, are traceless by [Mc2, Theorem
3.6]. Hence ¢ = 0 as required. g

Lemma 17.3. Let ({M;}icv, Qo, a,{0i}icv) be the initial quantum monoidal seed with auto-
morphism arising from a reduced expression w = sj, ---sj, of somew € W. Let1 <k < N.

To k corresponds an a-orbit in Qq. Let s,as,...,a% s be an enumeration of this orbit. Let
v =85, ...8;5 Then
[(@ Mg, @ Uais)] = D(ijk7wjk)'
1€k 1€k

Proof. We will first prove this identity holds up to a factor of a root of unity, then eliminate
the root of unity ambiguity in the proof of Theorem below.

The module ®;¢j, M,i, is simple. Therefore the left hand side of our desired identity lies
in B* up to a root of unity.

The module V(wj,) is the quotient of Uy(n) by the left ideal generated by sz-k and 6;
for | # jx. By Theorem and the fact that the wvw;, -weight space of V(wj,) is one-
dimensional, the generalised minor D(vwj, ,w;,) € B* is characterised up to scalar by the
fact that r,_gj, 25, D(vwj,,wj,) = 0 and r,_;; = 0 for [ # ji, where v = wj, — vwj, .

Therefore to complete the proof up to a root of unity, it suffices to show that

Resl,_gjkgjk(‘@ Mais, Q Uais) =0 and Res,,,lyl(AQ Mais, Q Uais) =0 for [ 7é Jk
1€k 1€k 1€k 1€k

These restrictions can be computed at the unfolded level. It is already known that
[@iejy Mais] = [1ie;, D(vwi,w;), which is enough information to make this conclusion.

This completes the proof up to a root of unity, which is enough for its application in the
proof of Theorem below. The conclusion of Theorem below implies that the root
of unity ambiguity can be removed, completing the proof. O

Theorem 17.4. Let ({M;}icv, Qo,a,{0;}icv) be the initial seed as above. Then
[(Ms® Mus ® - O Mya14,05 @ 0gs® - ® 0ga1,)] € B
and
(M0 Mgy © -+ © Myao1y,05 © 05 © - © 0gas,)] € BT,
where d is the minimal integer such that a%s = s.

Proof. Let r € V. If it exists, let s be the vertex immediately to the left of r in the same row
of Qp. We will assume as our inductive assumption that the classes of the objects

(M @ Muy @O Mya14,00 000t @+ ©® 0pa1y)

lie in B* for all t € V' with smaller first coordinate than r. From this assumption, we will
conclude that

(Ms® Mg @O Myar,,00 ©0gr @+ O 0ma-1,) €B* (17.2)
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and
(MIOMy,®--OM 41,000,000 4.,)] B (17.3)
which suffices to prove our theorem.
If r is the first vertex in its row, then we are done by Lemma Suppose this is not
the case and let s be the vertex immediately to the left of r in its row. Let d be the smallest
positive integer such that ar = r. Taking the circle product of d copies of , we see that

~1'(© O M © © o)

t—s i= t—s 1

is the socle of
7= (@M M0 -0 Myaor)o (MG -0 Ml s,), (020 -O0a-1,)0(0, 0 B0l ,))

and

=(O OMaZta ©) @ Oqit)

s—t i= s—t i
is the head of Z.

Since each M, o M;, is of length two, all simple subquotients of Z apart from K and @ are
traceless, so [Z] = [K] + [@Q] in the Grothendieck group.

By inductive hypothesis, we know [Q] € qZB*. There exists some root of unity ¢ such
that ¢[K] € ¢”B* and ¢ = 1 if and only if [17.2) holds. The class of Z is, up to a power
of ¢, the product of = [(Ms ® Mgs © -+ © Mpa1,,05 © 0gs @ -+ @ 04a-14)] and 2’ =
(M{OMy©---OM 0,00, Ool, . )]. We know by inductive hypothesis that
z € B*. We know that ('’ € B* for some root of unity ¢/, which is 1 if and only if
holds.

We now specialise to ¢ = 1. We get an equation of the form

2(¢'2) = ¢¢la+ b
where and a and b are, by Lemma products of generalised minors. By [Wil], these
generalised minors are cluster variables in an initial cluster of a cluster algebra structure on
C[N(w)], so x divides a + b.

In [GLS3, Theorem 1.3], it is shown that cluster variables are irreducible, which implies
they are prime in our case as C[N(w)], being a polynomial ring, is a unique factorisation
domain. If ¢ # 1, then we can use the two divisibility results to show that x divides both a

and b in C[N(w)], contradicting this primality result.
Therefore ( = 1. Lemma now implies that ¢/ = 1 which completes the proof. O

Corollary 17.5. The initial quantum monoidal seed Jin = ({ M, }icv, Qo,a,{0i}ticv) is com-
patible with B*.

Theorem 17.6. All reachable quantum monoidal seeds with automorphism are compatible
with B*.

Proof. For an initial seed, this is Corollary We now proceed by induction. So suppose
that J = ({M; }iev, Q, a,{0;}icv) is a quantum monoidal seed with automorphism compat-
ible with B* and s be an a-orbit in Vex. We will show that us(7) is also compatible with
B*.
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Let i€ sand Y = [M{ O M, © - O M, ,,,0,©0,;® - ©ol, ] We have to show
that Y/ € B*. By Lemma @, we have Y,Y! = x +y where Ys, 2,y € ¢?B* by the inductive
hypothesis. Furthermore Y] is a root of unity times an element of B*, since it is the class of
a self-dual simple object. Lemma [3.5|says that a product of two elements of B* has at least
one coefficient a power of ¢ when expanded in the basis B*. Therefore the root of unity must
be one, completing the proof. O

At this point in time, our cluster categorification depends on the choice of a reduced
expression for w. This is not the case because of the following theorem.

Theorem 17.7. The initial clusters for each choice of reduced decomposition are all reachable
from each other.

Proof. Note that if it exists, there is a unique up to isomorphism quantum monoidal seed
with automorphism compatible with B* categorifying any particular cluster. Therefore this
theorem follows from its decategorified version, i.e. that any two initial clusters coming from
different reduced decompositions are reachable from each other in the cluster algebra. This
is a standard fact about the cluster algebra structure on C[N(w)] - if two reduced decom-
positions are related by a braid relation of the form s;s;s; = s;s;5;, then the corresponding
initial clusters are a single cluster mutation apart from each other. O

18. CONCLUSION

The following theorem is [GY1l Theorem 10.1], generalised in [GY?2]. The proof of Goodearl
and Yakimov is purely non-commutative ring theoretic.

Theorem 18.1. The Z[q,q ']-algebra A;(n(w)) has the structure of a quantum cluster al-
gebra. An initial cluster is given by the collection of generalised minors in , while the
exzchange matriz for the initial cluster is given by the construction in §15,

We have categorified this theorem with the results of this paper.
Now recall that B* denotes the dual p-canonical basis. As a corollary of our categorification
results, we obtain:

Theorem 18.2. Every cluster monomial in Ag(n(w)) lies in B*.

Proof. For the cluster variables, this is a consequence of Theorem That the monomials
in the cluster variables lie in B* then follows up to a root of unity by [KKKO2l Prop 3.2.5].

That the root of unity is 1 is Lemma [3.5 O
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